
Matrix-Vector Products

Definition: For a m× n matrix A and a vector x in Rn we define the matrix-vector product

Ax =


a11 a12 · · · a1n

a21 a22 · · · a2n
...

...
. . .

...

am1 am2 · · · amn




x1

x2
...

xn

 = x1


a11

a21
...

am1

 + x2


a12

a22
...

am2

 + · · · + xn


a1n

a2n
...

amn

 (1)

or equivalently

Ax = x1v1 + x2v2 + · · · + xnvn (2)

where the vectors

v1 =


a11

a21
...

am1

 , v2 =


a12

a22
...

am2

 , · · · vn =


a1n

a2n
...

amn

 (3)

are called the column vectors of A.

Note 1: Equation (2) says that Ax is a linear combination of the column vectors of A where the

coefficients are determined by the components of the vector x.

Example 1: Let A =


1 −1 0

2 2 −3

4 −1 0

 and x =


1

−1

1

. Calculate Ax.
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Example 2: Calculate I3


1

2

3

. What do you observe?

Proposition 1: For any vector x in Rn we have Inx = x.

Example 3: Let e1, e2, e3, e4 be the column vectors of I4.

Then


1 2 3 4

5 6 7 8

9 10 11 12

 e2 =

Proposition 2 (Poole 3.1b): Suppose the m × n matrix A has column vectors v1,v2, . . . ,vn in

Rm. Then for any i in 1, . . . , n we have

Aei = vi (4)

where ei is the ith column vector of In.
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Definition: By definition of matrix-vector product, the m× n linear system in vector form

x1


a11

a21
...

am1

 + x2


a12

a22
...

am2

 + · · · + xn


a1n

a2n
...

amn

 =


b1

b2
...

bm

 (5)

can be written in matrix-vector form as

Ax = b (6)

where

A =


a11 a12 · · · a1n

a21 a22 · · · a2n
...

...
. . .

...

am1 am2 · · · amn

 , x =


x1

x2
...

xn

 , b =


b1

b2
...

bm

 (7)

Example 4: Write the linear system given in matrix-vector form
1 2 3

1 −1 −2

2 1 1

x =


1

−1

−2

 (8)

in vector form and equation form.
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