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4.1 Derivatives
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▪ In mathematics, the rate of change of a function is referred to as the derivative.

▪ For a function of a single variable, the derivative at a given point is the slope of the tangent

Forward difference form

Centered difference form

Backward difference form



4.1 Derivatives
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Velocity from Displacement

Derivative of tn

Chain rule

Product rule

Partial Derivatives



4.2 Numerical Differentiation
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▪ The derivation of the finite difference approximations for the derivatives of f (x) are based on 

forward and backward Taylor series expansions of f (x) about x, such as

▪ Equations (a)–(h) can be viewed as simultaneous equations that can be solved for various 

derivatives of f (x).



4.2 Numerical Differentiation
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Coefficients of central finite difference approximations of O(h2)

Coefficients of backward finite difference approximations of O(h)

Truncation error is now O(h), which is

not as good as the O(h2) error in central

difference approximations.

Coefficients of forward finite difference approximations of O(h)



4.2 Numerical Differentiation
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Coefficients of central finite difference approximations of O(h2)

Coefficients of forward finite difference approximations of O(h2)

Coefficients of backward finite difference approximations of O(h2)

Noncentral Finite Difference Approximations

result in O(h2) error.



4.2 Numerical Differentiation: Example
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4.2 Numerical Differentiation: Example
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alpha=[0:5:30]'*pi/180

beta=[1.6595;1.5434;1.4186;1.2925;1.1712;1.0585;0.9561]

dbeta_dt=25*gradient(beta,alpha)



4.3 Integrals
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4.6 Numerical Integration: Trapezoidal Rule
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▪ The trapezoid rule uses a linear interpolation to approximate f(x). An integral using the trapezoid

rule approximation is shown in Figure



4.6 Numerical Integration: Trapezoidal Rule
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4.6 Numerical Integration: Trapezoidal Rule (Example)

13



4.6 Numerical Integration: Trapezoidal Rule (Example)
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% House Keeping
clc
clear
clear all

% Exact Function
syms X
a=0
b=4
n=[1;2;4;8]
exact=vpa(int(X.*exp(-X),a,b))
figure(1)
fplot(@(X) X*exp(-X),[a b],'b')
title('Trapezoidal Integration','FontSize',20); % Title
xlabel('x','FontSize',18); % Labels the x-axis
ylabel('f(x)','FontSize',18); % Labels the y-axis
grid; %Includes grid lines in the plot 
hold on

% Trapezoidal Rule
for i=1:max(size(n))

x=[a:(b-a)/n(i):b]
y=x.*exp(-x)
txt = ['n = ',num2str(n(i))];
plot(x,y,'DisplayName',txt)
legend show
I=trapz(x,y)

error(i)=100*(exact-I)/exact
end
figure(2)
plot(n,error)
title('Percent Error','FontSize',20); % Title
xlabel('n','FontSize',18); % Labels the x-axis
ylabel('% Error','FontSize',18); % Labels the y-axis
grid; %Includes grid lines in the plot 



4.6 Numerical Integration: Trapezoidal Rule (Example)
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4.6 Numerical Integration: Simpsons one-third rule
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▪ Instead of a linear interpolation as used with the trapezoid rule, Simpson’s rules use higher-order

polynomials. The quadratic and cubic interpolating functions are shown in the following Figure

Trapezoidal Simpsons 1/3 rule Simpsons 3/8 rule

Simpsons 1/3 rule

Simpsons 3/8 rule



4.6 Numerical Integration: Example
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▪ Evaluate 0
6 𝑑𝑥

1+𝑥2
using a) Trapezoidal rule; b) Simpson’s 1/3 rule; c) Simpson’s 3/8 rule.

x 0 1 2 3 4 5 6

f(x) 1 1.5 0.2 0.1 0.05884 0.0385 0.027

y y0 y1 y2 y3 y4 y5 y6



4.6 Numerical Integration: Example
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▪ Evaluate 0
6 𝑑𝑥

1+𝑥2
using a) Trapezoidal rule; b) Simpson’s 1/3 rule; c) Simpson’s 3/8 rule.

% House Keeping
clc
clear
clear all

% Exact Function
syms X
a=0
b=6
n=6
exact=vpa(int(1/(1+X.^2),a,b))

% Data
x=[a:(b-a)/n:b]
y=1./(1+x.^2)

% Trapezoidal
I_trap=trapz(x,y)
error_I_3_8=100*(exact-I_trap)/exact

% Simpson's 1/3
I_1_3=simpson(x,y,[],'1/3')
error_I_1_3=100*(exact-I_1_3)/exact

% Simpson's 3/8
I_3_8=simpson(x,y,[],'3/8')
error_I_3_8=100*(exact-I_3_8)/exact

I_trap =

1.4108

error_I_3_8 =

-0.36644546083921529896209780771262

I_1_3 =

1.3662

error_I_1_3 =

2.8082596776963738498539098910662

I_3_8 =

1.3571

error_I_3_8 =

3.455119987507605727249014490671
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